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This paper summarizes an effort which calculated group-averaged Legendre coefficients
to numerically represent the scattering kernel for X-ray scattering from a relativistic
Mazxwellian distribution of electrons in a multigroup discrete S, treatment of the equation
of radiative transfer. An ordinary four-term Legendre polynomial expansion of the
scattering kernel was used in the study. Ten sets of 134-group-averaged Wien weighted
equilibrium cross section coefficients were caiculated for electron temperatures between
0.5 and 20 keV, with photon energies between 0.05 and 400 keV. The first Legendre
coefficients satisfy conservation and detailed balance at equilibrium neglecting induced
effects. These 134-group cross sections can be collapsed to any desired few-group cross-
section sets using any appropriate weighting function and are suitable for use in X-ray
transport studies using a discrete S, transport code.

1. INTRODUCTION

This paper summarizes a research program which calculated group-averaged
Legendre coefficients to numerically represent the scattering kernel for X-ray
scattering from a relativistic Maxwellian distribution of electrons in a multigroup
discrete S, treatment of the equation of radiative transfer.

To date, the exact and complicated scattering kernel has never been incorporated
directly into radiation-hydrodynamic codes for one or more reasons: The materials
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temperatures involved were such that photon absorption-emission rates greatly
exceeded scattering rates; low temperature scattering models or approximations
were sufficient; and, more importantly, the degree of expansion necessary to ade-
quately describe this exact kernel was not known, and in past studies only the
isotropic component was used.

Recent interest in higher temperatures [1--3], however, has led to several approx-
imate treatments of the exact kernel and to this research which resulted in a four-
term Legendre polynomial representation of the kernel suitable for numerical
solutions to the transport equation. This research was undertaken in response to
one of the recommendations of the 1969 Defense Atomic Support Agency Confer-
ence on Radiation Transport [4]. The past and present scattering approximations
used in X-ray transport codes are briefly summarized below.

Early X-ray transport studies [5-9] which included photon scattering assumed
isotropic or classical Thomson scattering [10] from stationary electrons. A photon
scattered from a stationary electron in the Thomson model changes its direction
but does not change energy. The calculation of the exact differential scattering
cross section for a photon incident on a stationary electron by Klein and Nishina
[11}, then made higher-order approximations possible [12, 13]. In the Klein-
Nishina model, a scattered photon is decreased in energy and there is a one-to-one
relationship between the angle of scatter and the final energy given by the Compton
formula [5]. Recently, Stone and Nelson [14, 15] developed a numerical integration
program which calculated the average differential scattering cross section for a
photon of frequency v’ and energy /4’ incident on a relativistic Maxwellian distri-
bution of electrons at temperature T, . Since the electrons are no longer stationary,
this model allows the photon to increase in energy as well as decrease. The func-
tional dependence of this scattering kernel is most conveniently expressed as a
finite Legendre polynomial expansion.

Any adequate numerical representation of this highly anisotropic scattering
kernel in a discrete S, model requires at least a three-dimensional array of
Legendre polynomial coefficients as a function of the initial and final photon
energies, for each discrete electron distribution temperature. The calculation of
this array involves three integrations over all possible electron velocities, two over
initial and final photon group energies, and one over scattering angles for each
T, . Such a calculation is time-consuming and could be prohibitively expensive.
Most current multigroup radiation-hydrodynamic codes are limited by storage
and time limitations to few-group, nonequilibrium diffusion models. This means
that the kernel has been approximated to date by at most the first Legendre coef-
ficient, i.e., the isotropic component, in a coarse few-group model. In such a model
the anisotropic behavior of the kernel has been lost. It is uncertain at this time
how accurate such few-group treatments are, especially with respect to the proper
choice of the weighting function used to calculate group-averaged cross sections [4].
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Several approximations are presently employed in place of the exact scattering
kernel. Fraser [16], Freeman [17], Cooper [3], and others [18-22] use a Fokker—
Planck expansion of the radiation intensity (photon energy times number flux) in
a diffusion model. These approximations use various temperature-dependent
Klein-Nishina type cross-section expansions and involve approximations of the
scattering terms good for values of the dimensionless electron and photon energies
given by

and (1)
fv
'y:_'—_z<l9

where T, is the electron distribution temperature, # is Boltzmann’s constant, 4v
is the photon energy, and ? is the electron rest energy. These approximations are
further constrained by the assumption that the intensity must be a smoothly vary-
ing function in energy. Wilson [23] avoids the restrictions on « and y by employing
the first Legendre coefficient of the exact kernel in a few-group implicit matrix
diffusion solution.

Kalos [24] has recently completed a Monte Carlo study in which for each scat-
tering encounter his code numerically calculates the exact differential scattering
cross section. The Monte Carlo method, however, may suffer from poor statistics
or excessive computer times in one-dimensional problems due to the necessity of
calculating tens of thousands of photon histories and the complexity of recalcul-
ating the kernel for each scattering event as opposed to the use of precalculated
group-averaged cross sections. The S, method [25], however, is well suited to
incorporating an accurate numerical approximation of the exact scattering kernel
in a multigroup solution to the equation of radiative transfer.

The S, method is a numerical method in which the space, angle, and energy
dependence of the X-ray distribution are described by a discrete averaged value in
each finite region. Any adequate numerical description of the scattering kernel
therefore not only calls for determining some compact, accurate approximation to
the kernel itself, but also determining some optimum mesh size in angle and
energy. ‘

The first step in numerically representing the scattering kernel, however, is to
obtain an accurate many-energy group representation which can later be collapsed
to any desired compact number of energy groups for a particular problem. An
ordinary Legendre polynomial expansion was selected to describe the differential
scattering cross section and a 134-group energy set was used.

The scattering kernel was investigated for ten different electron distribution
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temperatures between 0.5 and 20 keV with photon energies between .05 and
400 keV. These temperatures and photon energies are identified in Table I.

To incorporate a Legendre polynomial expansion into the discrete .S,, method
we must first briefly develop the discrete S,, form of the radiative transfer equation.

TABLE 1

Electron Distribution Temperatures and Photon Energy Groups

Photon energy Energy
Temperatures range group widths
(keV) (keV) (keV)
0.5
1.0 0.05-0.5 0.05
) 0.5-1.4 0.1
1.5 1.4-5.0 0.2
2.0 e ’
3.0 5.0-15.0 0.5
4'0 15.0-40.0 1.0
6‘0 40.0-80.0 2.0
10'0 80.0-160.0 5.0
15'0 160.0-260.0 10.0
’ .0-400. .
20.0 260.0-400.0 20.0

2. THE DiSCRETE FORM OF THE TRANSFER EQUATION

The equation describing the interaction of photons with matter, the equation of
radiative transfer, will be presented in this section and specialized to the particular
problem of interest. The behavior of the scattering kernel will be shown mathemat-
ically and graphically. The equation of radiative transfer will then be numerically
approximated by the discrete S, equations. The problem of how to replace the
exact scattering kernel with precalculated, compact, and accurate group-averaged
cross sections using the Legendre polynomial method will be examined. Two
procedures for testing the numerical and physical accuracy of the group-averaged
cross sections are then discussed. These procedures invoke the principles of cross-
section conservation and detailed balance at equilibrium.

The steady state, one-dimensional equation of radiative transfer, written in terms
of photon number flux N instead of the more conventional radiation intensity 7,
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neglecting induced scattering, and assuming local thermodynamic equilibrium, is
given by [26]

ON(r,p,v) (1 —p?) ON(r, p, v)
p Rt ?) | g0 NG 1o 0) 4 0] WO )

= o,/(v) Bv; T) + f , f ol QSO T) N, 2,v)d2 d/, (2)

where

N(r, @, v) = photon number flux per steradian, per unit energy
(#/cm2-sec-Q-£v), at spatial position r, in direction £,
at energy #v, with the flux related to the intensity I by
I(r, 8, v) = 4vN(r, 0, v)(ergs/cm2-sec-0-4v);

p = cosine of angle between © and positive # axis. In a
plane geometry r is the usual x dimension, while in a

L ;--——-—f—-»r

A
> =L 7
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Fic. 1. Geometry.



274 STEPHAN AND BRIDGMAN

one-dimensional spherical geometry r is the position
radius vector. This geometry is illustrated in Fig. 1;

{0 plane geometry

77 spherical geometry;

o,(v) = macroscopic scattering removal cross section (cm™!);

a,'(v) = macroscopic absorption removal cross section corrected
for induced emission [27] (cm™1);

B(v; T) = Planck function describing the local equilibrium photon
number flux distribution at energy #v for a black-body
temperature T given by

2(4v)? 1

242 eXp(ﬁv/IT) — 1 (#/Cm2_SCC-Q-4v); (3)

B; T)=

o, (v —v, Q' — Q; T,) — generalized differential scattering cross section describ-
ing the average probability of photon scatter from
frequency »' to v and from initial direction £ to 2 for a
Maxwellian distribution of electrons at temperature 7T, ;

4 = Planck’s constant (6.625 x 10727 erg sec);

#v = photon energy (ergs or keV, with [ keV == 1.602 x 10-*
ergs);

# = Boltzmann’s constant (1.38 x 10~ erg/deg);
¢ = speed of light (2.998 x 101° cm/sec).

Note at this point no attempt has been made to reduce the two-dimensional
angular variables Q' and Q2 in the scattering source term to the desired one-dimen-
sional variables u’ and y, respectively, since no (u', p) description of the scattering
kernel has been developed yet. Note also that energy dependence is denoted by »
only with # f‘implied everywhere. In addition, note the use of B to denote number
flux as opposed to B which traditionally denotes energy intensity.

Photon number flux was chosen as the dependent variable in this scattering
study since it makes possible a direct check on the physical and numerical accuracy
of group-averaged cross-section sets. This feature will be discussed below.

The Stone and Nelson kernel representing the average differential scattering
cross section for a photon of energy /4v' incident on a relativistic Maxwellian
distribution of electrons at temperature 7, is given by [28]

o (v = v, uy = Q-0 T) = f XNy’ — vy, o) F(v; T,) ,\—1,;7 dv, (4)



COMPTON SCATTERING IN THE S, METHOD 275

v, v = incident and scattered photon frequences in observer’s frame (sec™!);

vy, vo = incident and scattered photon frequences in rest frame of a given
electron (sec?); '

io > o' = cosine of angle of scatter in observer’s frame and electron rest frame,
respectively;

v = electron velocity (cm/sec);

oXN = Klein-Nishina scattering kernel in rest frame of a given electron given
by [11]
KN — N, 2 (I 4 pe TR v — :“'0/)2 !

PR A Y- (R TN

X 8 [vo — iy ] cm—Y/str; (5)

1+ y(1 — o)
F(v; T,) = relativistic Maxwellian velocity distribution given by [28]
F(V; Te) = (4}2/\5/477ch[,)[€)(])(?~mrz)\/;{Tg)/Kz(mcz/;{Te)]; (6)

K,(x) = modified Bessel function of order 2, where for x > 1 [29],

115-7 115:7-9 %

15
Ky(x) =~ (7[2x) 2 e {1 +§+§ (8x)2 6 (8x)? + -

D=1—8 v
D=1 v
A= (1 — v¥eH 12
N, = electron density (#/cm?®);
y = fivg [
and where ¢, , the classical electron radius, is related to the total Thomson cross
section o [10] by

op = 871,23 = 0.665 % 102 cm2. (7)

At sufficiently low electron temperatures, i.e., #T,/#¢c* < 1, the differential scat-
tering cross section reduces to the Klein-Nishina kernel given by Eq. (5), where
only downscatter is possible. In the limit of low photon frequencies, i.e.,
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#vfmc® < 1, it reduces further to the classical Thomson differential cross section
given by [10]

or(g) = No(rg/2X1 + po?) em-Vstr, ®)

where the photon only changes direction.

Figure 2 illustrates the typical anisotropic forward scatter for +" = v and the
backscatter behavior typical of upscatter and downscatter [15]. Figure 3 illustrates
the behavior of the angle-integrated cross section of Fig. 2 with its peak at v' = v
[30] in a comparison with the ordinary Klein—Nishina cross section for stationary
electrons where only photon downscatter is allowed. Since there is a one-to-one
relationship between the angle of scatter and final photon frequency in ordinary
Klein—Nishina scattering, given by the Compton formula of Eq. (5), only the
energy limits for Klein—Nishina can be shown in this figure.

Figure 4 illustrates the behavior of the total cross section for photon energy
Zv as a function of electron distribution temperature 7,, with T, = O being the
Klein—Nishina cross section, and the zero photon energy, zero electron temperature
limit being the Thomson cross section [15].

It should be pointed out here that the total scattering removal cross section
o,(v) is calculated independently of the differential scattering cross section
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o v — v, ' — Q; T,) [14]. Also note in Fig. 4 the very slowly varying behavior
of the total cross section, both as a function of photon energy and electron
distribution temperature.

This anisotropic scattering kernel must now be incorporated into the multi-
group discrete S, method. To obtain the discrete S, equations it is first convenient
to rewrite the equation of radiative transfer in conservative form. Multiplication
of the equation in this form by a phase space differential volume results in coef-
ficients of the partial derivative terms not containing the variable of differentiation.
In plane geometry with 4 = 0, Eq. (2) is already in conservative form. In a spher-
ically symmetric geometry the conservative form is given by ‘

(u/r®)(@]or)[r*N(r, p, V)] + (1/r)(0/w)[(1 — p*) N(r, p, v)]
+ [0v) + oW N(r, p, v) = 0,/(v) B; T) + S(r, s, v), ®

where the scattering source term, the integral term in Eq. (2), is conveniently
represented by S(r, u, v).

The discrete S,, solution method then involves operating on the conservative
form of the transfer equation with the plane or spherical integral operators

Tmi1 pMi41 YE4L
oﬁ:frm f ka ¢ ydvdudr, o
0, = JTMH 47r? jui“ JVHI ¢ > dvdu dr.
w; Y

Tm

These operators integrate each term of the transfer equation over a finite dif-
ference cell in (r, p, v) space where the finite cell is described by

(Fmrr — T (i1 — 1) (Vera — Vi)

AV Au dv = < or 1n
(4/3)m(r 3n+1 —r ma)(l’«iﬂ = 1)W1 — Vi),

for slab and spherical geometries, respectively. The term (u;,; — ;) describes the
cone-shaped region around the positive 7 axis whose inside and outside surfaces
make angles with 7 whose cosines are p; and p;., , respectively, as shown in Fig, 1.
Aside from exact differential terms the integrals are treated by the mean-value
approximation

'[xz xf(x) dx ~ Xf(X) dx, (12)

L1

where X may be adjusted to preserve the equality [31].
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These operators lead to a representation of the X-ray flux in terms of a discrete
number of spatial intervals, a discrete number of angular directions, and a discrete
number of energy groups.

Following the notation of Mynatt [31], application of the above operators
results in the spherical discrete S, equations given by

P’i+1/2[Am+1N(m + l, Ja K) - AmN(m9 Ja K)]
+ 2[CJ'+1N(M’]' + 13 K) - CJN(M:/= K)]/A/"'J + VM[UaK + GaK] N(Ma Js K)
= Vyo KBK 4 S(M, J, K),

where

tiy172 = discrete direction cosine of J-th cosine interval;
Apy = py,, — p; = width of J-th cosine interval;
A, = dmr,?;
= Cj — pisare dps(Amiy — A)[2 G, = 0; (14)
Vo = d(rd 1 — r,%)/3;

a.%, ¢ X = energy group-averaged total absorption and scattering removal cross
sections, the absorption coefficient corrected for induced emission;

and where the integral term of Eq. (2) is represented by

SM,J,K)=VyuY Y AKX KN(M, J', K'), (15)
K7
where
AKX — generalized group-averaged scattering cross section describing the scat-

tering from energy group K’ to K and from direction cosine interval J’
to J.

The five fluxes in Eq. (13) are related as in Fig. 5. The equations retain the same
form in a one-dimensional plane geometry except that

Cj:(),
Ay =1,

Vm = Fpgr = T -

The problem now is to calculate the group-averaged cross sections A% ¥ in
the most accurate, compact form in order to minimize computer storage require-

581/11/2-9
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Fic. 5. Discrete S, fluxes.

ments and calculation time. An ordinary Legendre polynomial expansion was
selected for study, and, as will be shown in this paper, is adequate to represent the
kernel. The Legendre polynomial method is discussed in detail in the next section.
The accuracy of the group-averaged cross sections will be tested by the principles
of conservation and detailed balance introduced below. In the absence of induced
effects, the equilibrium solution of the radiative transfer equation is given by the
Wien distribution W(v), rather than the Planck black-body distribution B(v) [20].
These distributions are given by

W) = C(#4v)? exp(—#4v/4T),

5 ; (16)
B(v) = [2(4v)[ 242 [exp(4v/4T) — 117,

where C is the total photon flux and 7T is the characteristic black-body radiation
temperature. Again, note the use of W and B to denote photon number flux. The
normalized Wien and Planck distributions are compared in Fig. 6.

The principle of detailed balance [27], also referred to as microscopic reversibii-
ity, states that at equilibrium any photon—matter interaction reaction rate and its
inverse rate must be identical. For example, for photon—electron scattering within
a black-body cavity, with a photon field in equilibrium with a distribution of
electrons, detailed balance requires that

ov—v, Q> Q)W) = o,(v —> v, Q — Q) W(). (17)

At this point note that only upscatter or downscatter cross sections plus the cross
section for »' = v need to be calculated from first principles. The remaining cross
sections can be obtained from this equation. Equation (17) implies that the scat-
tering removal term of the radiative transfer equation must be identical to the
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Fic. 6. Wien and Planck distribution functions.

scattering source term at equilibrium. This can be demonstrated by integrating
Eq. (17) over all £’ and ?' obtaining

W(v) f , f . o (v v, Q> Q) dY @
— J f oy — v, > Q) W) dY dv'. (18)
v Yo

Cross-section conservation is guaranteed in the following way. The total scat-
tering removal cross section o,(v) is given by

o v) :f f oy — v, Q- Q) dYV dv (19)
vy
so Eq. (18) reduces to a “macroscopic” statement of detailed balance, namely,

o,(v) W) = f , J"Q, oV = v, & — Q)W) dQ dv'. (20)
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Equation (19) is the definition used in this paper for a “conservative” scattering
cross-section set, i.e., one in which photons are neither artificially created nor
destroyed in a scattering process. Note that while an approximately calculated
cross-section set may be arbitrarily close to satisfying detailed balance at equilib-
rium and therefore “physically acceptable,” the set must also be exactly conserva-
tive to prevent the introduction of artificial sinks or sources of photons. The
group-averaged cross-section sets to be obtained in this study must satisfy
Egs. (17) and (19).

Group-averaged cross sections were calculated for the ten electron distribution
temperatures given in Table I and for photon energies in the range 0.05 < 4v <
400 keV. One hundred thirty-four energy groups were employed using Wilson’s
set [30], also given in Table I. A large number of energy groups were needed for
an accurate calculation of the cross sections because of the strong exponential
behavior of both the kernel and the weighting function used for group averaging.

3. Groupr AVERAGED CROSS SECTIONS

The Legendre polynomial method for representing the scattering kernel is
examined in this section, Each of the group-averaged Legendre coefficients is
calculated by one of four different approximate integration methods, since no
closed form analytical expression for the cross section can be obtained. The first
method is an ordinary trapezoidal numerical integration using the Stone and
Nelson code [15]. This numerical integration is extremely time-consuming and
will be avoided wherever possible. As an alternative, the known continuous
behavior of the cross-section coefficients is used to assume a particular approximate
analytical form for the group-averaged cross sections, and three different expo-
nential and linear fits are used to obtain analytical approximations to the cross
sections in place of lengthy numerical integrations. The calculated cross sections
are then corrected to satisfy conservation and detailed balance.

The ordinary Legendre polynomial expansion of the differential scattering cross
section is given by [32]

0’ v = ¥ ZEL o 5 0) Py, (21)

=0
where the o,(' — v) are the continuous Legendre coefficients, P,(u,) are the
Legendre polynomials, and where, in practice, the £ summation must be truncated
at some small value of # (LMAX). The Legendre coefficients are obtained from

1
v > v T,) = 2m [ o’ v, o3 T) Peljuo) dpty - (22)
-1
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Using this Legendre polynomial expansion of the scattering cross section in a
one-dimensional, multigroup, discrete S, formulation reduces the scattering
source term of Eq. (13) to

KMAX JMAX , , LMAX 2/ + 1 Kok
SM,J,K)="Vy Y, Y NMJI K)Auy ¥ 5 Ox Pr(py) Peper),
K'=1 J'=1 =0

(23)
where

oK >X = {.th group-averaged Legendre coefficients of the scattering cross section
describing scatter from group K’ to group K;

P,(u;) = ¢-th Legendre polynomial evaluated at y;,,,, , i.€., the discrete direction
cosine for the J-th cosine interval.

The transformation from scattering angle u, representation to a (u, ") depend-
ence is obtained from the addition theorem of spherical harmonics

L (4= g)!
Prun) = Pow) Po(ny + 2 y S PAw) PA(n) cos (" — &). (24)

tne secona 1erm 1o vanisn dna one Imay SHIply use

Pipo) = Pop) Po(p), (25)
with
P 0(,“') =1,
Pl(l") = [
Pi(w) = 1.5pu2 — 0.5, (26)

Py(p) =2.5u3 — 154,

The discrete angular directions and cosine intervals that could be used are
double P, ,,_; sets where n is the total number of discrete angular intervals. Both
the usual P,_, method and the double P, ,,_; method are based on Gauss—Legendre
quadrature, i.e., the discrete angular directions are the zeros of the Legendre
polynomials. The P,_, set is obtained from Gauss-Legendre quadrature on
[—1, 1] while DP,,_, arises from separate quadratures on [—1, 0] and [0, 1].
These DP,,,,_; sets are recommended for all one-dimensional, optically thin prob-
lems and can be found in [33]. These sets are preferred for optically thin slab
problems since they permit a discontinuous polynomial representation on each
half-range of integration and therefore lead to a better angular representation of
the transmission and reflection.
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It should be noted at this point that a truncated Legendre polynomial expansion
may lead to a cross-section representation with negative cross-section regions as
well as artificially high cross-section regions. For example, a P, expansion of the
upscatter and downscatter cross sections of Fig. 2 would be a sloped straight-line
representation which would become negative at some value of u, << 0. On the
other hand, a P, expansion for these same cross sections may approximate the
curve better near u, = — 1, but would lead to a parabolic shape with a significant
but totally erroneous positive cross section for g, > 0.

The first four group-averaged cross sections are calculated in the standard way
by [32]

VE+1 VRSl
j f oV > v; T)f(; T)dv dv
Vk Vk,’

K'-K
Tt ==

Vi 41 ’ (27)
f F T dv

Vi

where f(v'; T) is an appropriate weighting function which ideally has the same or
similar v" dependence as the unknown local radiation flux N(r, »’, v'). A Wien-
or Planckian-like weighting function may also be characterized by a black-body
temperature 7, not necessarily the same as 7, . Since induced scattering is neglected
in this problem and since the accuracy of the first coefficients 0% ¥ is to be checked
at equilibrium, the Wien function, given by the first of Egs. (16), is used for
f('; T), and only equilibrium cross sections, i.e., T = T, are calculated.

Note that the Planck function should be used as the weighting function when
induced effects are included. In the limit of very narrow energy groups, unity
may be used since over such a small group any smooth weighting function may
be assumed to be nearly constant.

Only slight differences were observed using Wien, Planck, or unity weighting
functions for such a large number of energy groups except at large and small
values of u = #v/#T which are relatively unimportant.

Therefore these many-group equilibrium cross sections can be collapsed to few-
group sets using the equilibrium weighting function or any other weighting func-
tion providing that the weighting function lies within the energy interval
0.05-400 keV.

Had the transfer equation been written in terms of radiation intensity, Eq. (27)
above would have had a »/v’ in the integrand of the numerator and f(+'; T) would
have been the Wien intensity function (4v) x W(v).

A preliminary study of the scattering kernel by the author indicated that
£ < 3, i.e., a four-term expansion, should be sufficient to adequately describe the
scatter except perhaps for the case where »" = ». In that case illustrated in Fig. 2,
the kernel is strongly peaked in the forward direction. However, it was found that
the addition of higher-order terms led to more negative cross-section regions and



COMPTON SCATTERING IN THE S, METHOD 285

false high positive cross-section peaks with little or no improvement in the rep-
resentation of the kernel in the forward direction, i.e., 0.9 <<, < 1. Since for
v’ == v the kernel is usually monotonic and peaked in the backward direction
(o = —1) as few as two terms, i.e., a straight dependence, may be desirable to
avoid extraneous positive sources in other directions.

The discrete Legendre coefficients were obtained from Wilson’s tabulated
values [30] in which he calculated the first four discrete coefficients by means of
Eq.(22), using a 512-point Gauss quadrature for v" 5= v and a 1024-point quadrature
for v = v with 512 points in the interval 0.98 <{ u, << 1. The curve for v' = v
in Fig. 2 illustrates the forward-scatter behavior and the need for a high-order
asymmetric quadrature in Eq. (27) above.

Note again that while Wilson’s coefficients are point values for a discrete initial
photon energy and a discrete final photon energy, they are not group-averaged
coeflicients. Their existence and the known continuous behavior of the integrand
of Eq. (27) made possible the three fast and approximate integration techniques
to be described below for obtaining the group-averaged Legendre coefficients.
Accurate coeflicients were therefore obtained in most cases without resorting to
expensive numerical integrations of Eqs. (4), (22), and (27), in that order. [t should
also be pointed out again that while Wilson calculated the first four Legendre
coefficients, he only used an approximate fit for the first coefficient in a few-group
diffusion code.

The behavior of o,,(v' — v), illustrated in Figs. 3 and 7 [30], and the prohibitive
computer time required to integrate Eqgs. (4), (22), and (27) numerically led to the
preliminary decision to assume an exponential fit to the integrand in Eq. (27) of
the form

ooV =) f('; T) =~ C, exp(Cor) exp(Cyv'). (28)

An algebraic expression could then be obtained for the cross section in many
instances, rather than resort to a time-consuming numerical integration. The sharp
discontinuity in slope of o,(v' — v) along the diagonal v' = v, as illustrated in
Fig. 7, and the availability of only three constants in Eq. (28) then dictated that
within any Av 4y’ region the assumed exponential fit be made over two triangular
regions with their common hypotenuse parallel to the diagonal v' = v. This fit
is illustrated in Fig. 8. For coefficients off the diagonal, this fitting method intro-
duces a discontinuity in slope on the surface of integration parallel to the diagonal.
This effect is negligible, however, due to the exponential behavior of the
integrand.

In this method the first coefficient, or angle-integrated cross section, is given by

o = QK K)|W*, (29)
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where

A
oK', K) = L ghy [exp(dvi.q + gviria) — expldvy, + gvi)]
A
- g—d fexp(dvyiy + gvir) — expldvy + gvi)]
C
- m [explaviiq + bvyryq) — explavy, + bvy)]

C
+ ab lexplavi.i + bviya) — explavy, + bvyiy)], (30)

h = (vesr — vi)/Vrsr — Vi),

d — 1 In [ TV’ > Vi) ] .

Veyr — Vi Tap(Vir — vz)

1 In [ W(Vk'+l) Oo(Vi' 1 — Vk+1)] ,

Vi's1 = Vi W(Vk) Os(Vir — Vii1)

A= W(Vk) TV —> i) exp(—dvy) exp(—gvy),

a = (Vi1 — vyt Info,4(vir 1 = V)0V = Vi)l

b — 1 In [W/~(Vk'+l) Oso(Vie'+1 = Vi) ] i
Vi'y1 — Vi W(vy) ou(vir — 1)

C= W(Vlc) oV — vi) exp(—avy) exp(—bvy),

and the denominator WX’ of Eq. (29) may be obtained from
- VR HL
W = [T W6 T) ' — T exp(—u)ud + 2uyr + 2]

-7 CxP(‘“k’ﬂ)[ui’ﬂ + 2upriq + 2], (31)
where
uk' = /ZVk’//{T
and
Uy 1 = Avy a[£T.

Note the use of a lower subscript k', ¥’ -+ 1, k, or k + | to denote initial or
final photon frequencies, respectively. This should not be confused with an unsub-
scripted £ in the denominator which is Boltzmann’s constant, or upper case K
or K’ denoting an energy group, or group averaged quantity.
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At small values of u = 4¥/4T along an near the diagonal v' = v, it was found
that an exponential fit underestimated o’ “%. Tt was therefore necessary to numer-
ically integrate the integrand of Eq. (27) using a 10 x 10 mesh within each region-
making use of the Stone and Nelson code instead of Wilson’s coefficients. Care
was taken at low frequencies to make sure that 0% % < ¢, X < ¢, . This numerical
integration was performed for all ten electron distribution temperatures within the
region described by

/

1 <

K < 40,
(32)
K—2<K <

K-+ 2,

i.e., the diagonal term and the two terms above and below the diagonal. The
10 x 10 mesh was determined to be accurate enough since halving the mesh size
for the worst expected cases led to a 2 9 or less change in the coefficient at a cost
of a factor of four in computing time. Both upscatter and downscatter coeflicients
were calculated by the fast exponential fitting routine described above to test the
validity of the assumed fit over all regions. The continuous upscatter coefficients
were observed always to behave exponentially, while for »> 1 downscatter
coefficients sometimes varied less than exponentially, as illustrated in Fig. 7.

To summarize, the existence of the Wilson set of discrete Legendre coefficients
and the known exponential behavior of the integrand of Eq. (27) made it possible
to use an approximate exponential integration technique for many of the first
Legendre coefficients. The method did not work satisfactorily at low photon
energies on and along the diagonal v' = v and it was necessary to use the Stone

ﬁah Loann dlon 1 awinaatiol onnttoan i W ¥ ol : 1

accuracy of these angle-integrated, group-averaged cross sections.

The physical accuracy of the first Legendre coefficient was determined by cal-
culating the ratio of the scattering source term to the scattering removal term at
equilibrium, which, by the principle of detailed balance discussed above should
be identically unity. In the Legendre polynomial expansion, this ratio is given by

RX = (Z oﬁ,’_)KWK’) /U,KWK. (33)
=
Note that the use of the isotropic equilibrium Wien distribution WX’ in Eq. (23)

causes the £ summation to vanish identically for ¢ > 0O since the orthogonality of
the Legendre polynomials requires that

1 2,{=10
Pypydp = {7 . 34
f—l t(l“') {4 0,/ +# 0 ( )
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or, equivalently,
N Pipy) Apy = 0, %0
¥

for any symmetric direction cosine set. This ratio was calculated for each of the
134 energy groups and ten electron distribution temperatures of Table I. For this
range of energies and temperatures RX = 1.00 4- .01 for all groups except the
lowest and highest 5-10 relatively unimportant groups. In these groups numerical
errors may have been large or some downscatter or upscatter probabilities were
not accounted for since the energy domain extended from 0.05 to 400 keV and not
from zero to infinity.

From Eq. (20), detailed balance for a Legendre polynomial expansion of the
scattering kernel in a multigroup model using the Wien equilibrium distribution
requires that

ok — Yy af,}v)KVT/K/. (35)

<
Cross-section conservation, from Eq. (19), requires that

ok = T o5 (36)

K’

If one attempts to satisfy both conditions simultaneously by substituting
Eq. (36) into Eq. (35), the within-group term involving o%°% cancels and the

resulting equation is satisfied by the group representation of detailed balance
KKK — GKOKpK K £ K, (37)

i.e., the “microscopic” statement of detailed balance equivalent to Eq. (17). Since
the within-group scattering cross section cancels in Eq. (36), it is necessary to
invoke conservation arguments to modify the diagonal term o%°X. Both conserva-
tion and detailed balance were satisfied simultaneously in the following manner.
The initial numerical integrations and exponential fits yielded upscatter and down-
scatter coefficients which were close to satisfying detailed balance and conserva-
tion, i.e., comparisons with finer numerical integrations indicated that any one
coefficient was in error by at most 29;. Starting with the lowest energy group
K =1, a check was made for conservation. The total removal cross section o X,
calculated independently of the group-to-group coefficients, o% =¥ [14], was
assumed correct due to its very slowly varying behavior, as illustrated in Fig. 4.
If, on this conservation check, Eq. (36) was within 1% or less of being satisfied,
only the dominant and inherently most inaccurate term, the diagonal term, was
scaled to achieve conservation. If Eq. (36) was not within 1%, of being satisfied,
the diagonal plus the first two upscatter terms, which had also been numerically
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integrated, were scaled to achieve conservation (Figure 9 illustrates this scaling
procedure). Only the dominant upscatter terms on and near the diagonal were
scaled so that errors in these terms would not be propagated into higher energy
groups. All corresponding downscatter coefficients were then recomputed by
means of Eq. (37) to guarantee detailed balance.

Upscatter cross sections were scaled rather than downscatter coefficients for
three reasons. First, since at the highest electron temperatures considered, i.c.,
10-20 keV, the energy groups extended only as far as u = 40 and u = 20, respec-
tively, any significant deficiencies in total scattering removal, if any, should be
attributed to scattering probabilities to energy groups beyond 400 keV. Upscatter
scaling within the highest groups ensures that the missing photons are scattered
up in energy or remain unaffected and not falsely scattered down. Second, the
deficiencies in upscatters at high electron temperatures were assumed greater than
the effects of missing downscatters to energies less than 0.05 keV at any temperature
and this method then left unaccounted —for downscatter, if any, in or near the
diagonal group. Third, the assumption of an exponential behavior for the cross
section was always correct for upscatters as discussed previously and these
upscatters therefore had smaller expected errors.

This scaling process was carried out to v = 40 or the highest energy group,
whichever was smaller, for conservation, and extended to u = 50, or the highest
group, for detailed balance as illustrated in Fig. 9. This insured that any desired
few-group sets would be accurate to v = 30, or twice the value at which 100 9]
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of the Wien distribution has been accounted for. Higher coefficients were left
unchanged, since, using Wien weighting, they would not contribute to the few-
group, cross-section sets to be obtained for u << 30.
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Fic. 10. First group-averaged coefficient.

Figure 10 illustrates the behavior of oX>X for 7, = 0.5 and 20 keV. The large
discontinuities in the histogram plots are due to a change in the absolute width
of the energy groups. If equal-width energy groups had been used, these histo-
grams would have been smooth, displaying a monotonic decrease with increasing
photon energy.

The behavior of ¢,(v' — v) for £ > 0, as illustrated in Fig. 11 [30], led to the
second and third approximate integration methods which used a three-point
linear fit to the integrand of Eq. (27) in each triangular region along the diagonal
for v = v, and a four-point average value approach off the diagonal, with the
added check that for £ > 0, | %X | < oX>X Mathematically,

o ® = Q'(K, K)/W~, (38)
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where

Q'(K', K) = (1/6)(v1sr — v R2W () 00— vi) + 2W (Vi) 0w = vis1)
-+ W(VkJrl) Ooe(Virr —> Vi) + W(Vk) 0oV —> Vies)] (39)
and
o X = Q"(K', K)/WX, (40)

where

Q'(K', K) = (1/D)(vis1s — vi)Vrsa — &)
X [W(Vk’) ooV — vi) + W(Vk'+l) Oge(Vir1 —> Vk+1)
+ W(Vlc) ooV — Vk+1) + W(Vlc'-H) Goe(Viria — Vi)l 4D

with WX’ given by Eq. (31). These fits are illustrated in Fig. 12.

Again at small values of u it was necessary to resort to a numerical integration.
These integrations were performed over the same domain as described in Eq. (32).
No accuracy tests such as detailed balance and conservation are possible for these
higher-order coefficients. The accuracy of the numerical integration was verified
by halving the mesh size for the worst possible cases and observing that there was
at most less than a 2% change in any coefficient. During the scaling process
described above for oX'~¥, the higher-order, within-group coefficients and upscatter
coefficients were scaled exactly as their companion zeroth order or first coefficient
to insure that | oXX| < oX~X The downscatter coefficients were then recal-
culated from detailed balance via Eq. (37).
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4. RESULTS

The exact differential scattering cross section given by Eq. (3) can be adequately
represented by a few-term Legendre polynomial expansion if care is taken to
integrate Eq. (11) accurately. The group-averaged cross sections can be calculated
with a minimum of computer time by assuming an exponential fit for o% % and
appropriate linear fits for ¢ ~% £ > 0, in all regions except for small values of u
or near the diagonal groups where K’ ~ K. The work described above resulted in
ten sets of group-averaged Legendre coefficients, one set for each electron distribu-
tion temperature. Each set is composed of the first four Legendre coefficients, and
each coefficient is represented in a 134-group matrix denoting scatter from some
initial-energy group to some final-energy group. These are equilibrium cross
sections in that the temperature of the weighting function is the same as the
electron distribution temperature. All these cross sections are exact insofar as they
are conservative and satisfy detailed balance at equilibrium. These cross sections
can be collapsed to any desired number of energy groups for use in X-ray trans-
mission studies and are available from the authors. The question of how many
energy groups, spatial directions, and Legendre coefficients are needed to ade-
quately represent the exact scattering kernel is very problem-sensitive and must
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be answered by a detailed parametric transport study, e.g., transmission of a
particular Wien or Planckian source through a region of free electrons. The
number of energy groups needed to describe the scattering is strongly dependent
on the relationship between the local electron temperature and the characteristic
radiation temperature everywhere in the region and the proper selection of a
weighting function used to precalculate group-averaged cross sections.
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